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Diffusion under temperature gradient: A phase-field model study
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A diffuse interface model was devised and employed to investigate the effect of thermotransport
a.k.a., thermomigration process in single-phase and two-phase alloys of a binary system.
Simulation results show that an applied temperature gradient can cause significant redistribution of
constituent elements and phases in the alloy. The magnitude and the direction of the redistribution
depend on the initial composition, the atomic mobility and the heat of transport of the respective
elements. In two-phase alloys, the thermomigration effect can cause the formation of single-element
rich phases at the cold and hot ends of the alloy i.e., demixing. © 2009 American Institute of
Physics. DOI: 10.1063/1.3190607
I. INTRODUCTION
It is well known that when a temperature gradient is
applied to a homogeneous alloy of more than one compo-
nent, a concentration gradient can develop and eventually
reach a steady state, with the concentration gradient being a
characteristic of the system.1 This phenomenon is known as
thermomigration or thermotransport or Soret or Ludwig–
Soret effect. The thermomigration effect can play an impor-
tant role in microstructural stability, for example, in intercon-
nects of electronic circuits, metallic nuclear fuel alloys,
superalloys, and coatings used in gas turbine engines, etc.,
where a significant temperature gradient is imposed, owing
to increasing operating temperatures and/or reducing length
scales of these systems and/or ingenuity in internal cooling
methods. Depending upon applications, temperature gradient
imposed for a prolonged period of time can vary from
20 °C /mm up to 1500 °C /mm although its magnitude can
be reduced by means of various engineering solutions e.g.,
thermal barrier coatings. Nevertheless, the temperature gra-
dient imposed can certainly induce thermotransport of con-
stitutent elements and phases, and alter the microstructure of
materials carefully designed for specific engineering applica-
tions.
Thermomigration can produce significant redistribution
of elements and constituent phases in single- and two-phase
alloys. This redistribution can induce many unwanted
changes such as melting, phase transformations, and other
changes in physical and mechanical properties, all of which
degrade the stability and performance of components. Ex-
amples of the thermomigration effect can be found in litera-
ture published over the past 5 decades.2–14
There are two important parameters in the thermomigra-
tion study: the mobility or diffusivity of atoms present, and
their heat of transport Qi
 that is related to the amount of
heat carried per atom of species i.3 In general, the value of
Qi
 is the contribution of the flux of species i to the flux of
heat, and determines the affinity of a species toward the cold
or hot end. When the solute diffusivity is much higher than
the solvent, e.g., interstitial solute, only one heat of transport
term is sufficient to describe the flux under a temperature
gradient. However, as explained by Jaffe and Shewmon5
both mobility and heat of transport terms of individual ele-
ments are required to accurately describe the atom flux in a
substitutional alloy subjected to a temperature gradient, even
when both elements have similar mobilities. In such cases,
the complexity of the problem often necessitates the use of
computational modeling to understand and predict the ther-
momigration behavior in alloys.
Tikare and Holm15 used a Potts Monte Carlo technique
to simulate grain growth and pore migration in a thermal
gradient, where they utilized the atomic interaction energy in
the model. In another study, Snyder et al..16 simulated Ost-
wald ripening under the influence of temperature gradient,
where they neglected the Soret effect and considered only
the mass flow due to the temperature dependence of the local
equilibrium interfacial composition. There are other compu-
tational models17–21 reported that described the thermomigra-
tion problem in one dimension with the following assump-
tions: 1 transport of the solute takes place only in the
matrix phase; 2 second phase particles act as sources or
sinks for the solute atoms in solid solution; 3 solute diffu-
sivity is much faster than the solvent; and 4 local thermo-
dynamic equilibrium exists at the boundary between the two
phases. Such a priori assumptions require that the positions
of the boundary between the phases be known, which makes
the numerical solution difficult to achieve. Unlike these mod-
els, a diffuse interface Cahn–Hilliard model22 does not re-
quire the above assumptions to be made and eliminates the
requirement of tracking the boundary by treating the inter-
face as diffused over a certain width.23 In addition, a diffuse
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interface model can be derived phenomenologically and ma-
terial specific thermodynamic and kinetic data can be em-
ployed as input parameters.
In this paper we report the development of a diffuse
interface model and computer simulation study of time evo-
lution in composition profiles and microstructure in single
and two-phase alloys of a binary system subjected to a tem-
perature gradient. A simple regular solution model with vari-
ous combinations of atomic mobility and heat of transport
terms were used in this study.
II. PHASE FIELD MODEL FOR THERMOTRANSPORT
IN BINARY ALLOYS
A. Phenomenological formulation
We consider a binary substitutional alloy of elements A
and B, whose molar volume Vm and density  are as-
sumed to be constant. Let ni and ci represent the concentra-
tion and mole fraction of an element i, respectively, so that

i





ci = 1.0. 1
Flux of an element under the gradients of concentration and





LkiXi − Xn + Qi
Xq , 2
where n is the total number of elements, Qi
 is the heat of
transport term, and X stands for the driving forces such as




Note that Eq. 2 is obtained by the linear transformation and
the gradient in chemical potential, i.e., iT is due to gra-
dients in concentration, but not temperature.24–26
Howard and Lidiard25 applied the above equation to de-
scribe thermotransport on the basis of a vacancy mechanism
in a binary substitutional alloy. The general flux equations
for an alloy of elements A and B are expressed by
JA = LAAXA − Xv + QA
Xq + LABXB − Xv + QB
Xq , 4a
and
JB = LBAXA − Xv + QA
Xq + LBBXB − Xv + QB
Xq , 4b
where v corresponds to vacancies. Again following Howard
and Lidiard,25 assuming that vacancies exist everywhere in
their equilibrium concentration, v=0, but in a temperature
gradient vT0. Hence







where hfv is the enthalpy of vacancy formation. Substituting
Eq. 5 in Eq. 4 yields
JA = LAAXA + QA
 − hfvXq + LABXB + QB
 − hfvXq ,
6a
and
JB = LBAXA + QA
 − hfvXq + LBBXB + QB
 − hfvXq .
6b
From Prigogine’s theorem,26,27 which is a re-expression of
the Gibbs–Duhem equation, it follows:
cAXA + cBXB + cvXv = 0. 7a
Further, assuming cvcA ,cB,
cAXA + cBXB  0. 7b
Applying Eq. 7b and the condition for conservation of
mass given in Eq. 1, one gets
LAAXA + LABXB =
cLAA − 1 − cLAB
c
XA = 1 − cAXA,
8a
and
LBBXB + LBAXA =
1 − cLBB − cLBA
1 − c
XB = cBXB, 8b
where c is the composition of B and i is the atomic mobility
of element i. The general flux equation under isothermal con-
ditions, i.e., Ji=−niiXi has been used to derive Eq. 8. Now
substituting Eq. 8 into flux equations, Eq. 6 yields
JA = − 1 − cA  A
+ LAAQA
 − hfv + LABQB
 − hfvXq, 9a
and
JB = − cB  B + LBAQA
 − hfv + LBBQB
 − hfvXq.
9b
A vacancy mechanism being operative, it is convenient
to choose a laboratory frame of reference where the sum of
the fluxes for two elements vanishes,28 such that
J̃A + J̃B = 0, 10
and
J̃A = − J̃B = JA − 1 − cJA + JB = cJA − 1 − cJB. 11
Substituting respective intrinsic fluxes from Eq. 9 in Eq.
11 yields
J̃A = − c1 − cA  A + c1 − cB  B
+ cLAAQA
 − hfv + LABQB
 − hfvXq
− 1 − cLBAQA
 − hfv + LBBQB
 − hfvXq. 12
Using Eq. 8 along with the Onsager’s reciprocal relation-
ship Lij =Lji,
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J̃A = − c1 − cA  A + c1 − cB  B
+ cLAA − 1 − cLBAQ̃A
Xq
+ cLAB − 1 − cLBBQ̃B
Xq
= − c1 − cA  A + c1 − cB  B
+ c1 − cAQ̃A





 − hfv. 14
Again using the Gibbs-Duhem equation, 1−cA
+cB=0, one gets
A = c  A




eff = − B
eff = A − B . 16
Now substituting Eq. 15 into Eq. 12 yields
J̃A = − c1 − ccA + 1 − cB  A
eff
+ c1 − cAQ̃A
 − BQ̃B
Xq
= − Mc  A











where the chemical mobility is defined as
Mc = c1 − ccA + 1 − cB , 19
and the heat of transport term, that can be referred to as
“mobility of thermotransport,” is defined as
MQ = c1 − cAQ̃A
 − BQ̃B
 . 20
In Eq. 17, the effective chemical potential for a nonhomo-









where  stands for the variational derivative, and F is the
Cahn–Hilliard free energy functional consisting of the bulk
free energy and interfacial energy contributions, expressed
by
F = Fbulk + Fint = NV
V
fc,T + c2dV . 22
Here, fc ,T is the Helmholtz free energy density, approxi-
mated by the regular solution model, and  is the gradient
energy coefficient associated with the gradient of composi-
tion. Note that fc ,T can be directly adopted from the ther-
modynamic databases if available for a particular alloy sys-
tem. Using Eqs. 21 and 22 in Eq. 18, the flux equation
becomes
J̃B = − VmMc    fc − 2c2c	 + MQTT . 23
The spatiotemporal evolution of the composition can now be








= −  · J̃B
=  · 
VmMc    fc − 2c2c	 − MQTT  . 24
Notice that temperature-dependent or constant atomic mobil-
ity and heat of transport values can be used in the above
equation. For the simulation of single-phase alloys we have
employed constant atomic mobility and heat of transport
terms for simpler description of the thermotransport phenom-
ena. For two-phase alloys, we have used the Arrhenius and
linear relations to express the temperature dependency of
atomic mobility and heat of transport terms,




For numerical convenience, the governing Eq. 24 was











by introducing the following reduced quantities of





M̄c=VmMc /, f̄ =Vmf /f , ̄=Vm /fl2, M̄Q=MQVm /f,
and =f / l2t, where x and  are the reduced length and
time, l is the length scale of the system, f =RTc is the
normalization factor for the free energy with Tc=900 K, R is
the universal gas constant, Vm is the constant molar volume,
and  is a constant of atomic mobility. The above equation
with appropriate boundary conditions was solved numeri-
cally using a control volume method implemented by the
FiPy partial differential equation solver.31 Boundary condi-
tions for both the 1D and 2D cases can be expressed as
n̂ · c̄ = 0 and n̂ · 3c̄ = 0 26
on all exterior boundaries.
The applied temperature field obeys Laplace’s equation
expressed by
2T = 0, 27
with boundary conditions described as
Jq · n̂ = 0, Tx=0 = Tmin, Tx=L = Tmax. 28
The above conditions produce a linear distribution of tem-
perature across the system. Note that the equation for heat
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flux is not considered here as the heat flux due to mass flux,
i.e., the Dufour effect is considered negligible and ignored.
III. RESULTS
A. Single-phase alloy
A single-phase alloy with initial homogeneous composi-
tion of c0=0.1 was subjected to a temperature gradient,
where Tmax=1273 K and Tmin=773 K. The left end L=0
of the system is the hotter end for this part of the simulation.
Different combinations of atomic mobility and heat of trans-
port terms, which are not functions of temperature, were em-
ployed and the resulting composition profiles are presented
in Fig. 1. The grid resolution was chosen to be x=1 m
for one-dimensional 1D calculations, and value of the gra-
dient energy coefficient was set to zero. The results show that
upon the application of the temperature gradient, a composi-
tion gradient develops in the alloy, where the elements move
toward the hot or cold end depending on the magnitude and
sign of the mobility and heat of transport terms. The magni-
tude of the concentration gradient developed in the alloy is
also determined by the above two factors. As is observed
from the composition profiles, it can be said without any
generalization, that the element with a negative heat of trans-
port moves toward the hot end of the system. A steady state
can be achieved with prolonged annealing under thermal gra-
dient when the contribution to the flux due to temperature
gradient becomes equal to that of concentration gradient. In
Fig. 2, a representative composition profile is shown along
with the flux profiles as the system nears a steady state. The
contributions to the total flux due to the chemical potential
gradient and the temperature gradient are almost equal in
magnitude but opposite in direction.
B. Two-phase alloy
The simulation of two-phase alloys was performed by
applying a temperature gradient to a pre-generated two-phase
microstructure. A representative microstructure of this two-
phase alloy is presented in Fig. 3a. The microstructure was
generated first by introducing  nuclei second phase ran-
domly into a 	 matrix at a temperature of 900 K. This
“nucleated” microstructure was annealed isothermally at 900
K until the phases attend their equilibrium composition prior
to simulation of thermotransport. The “annealed” two-phase
microstructure served as the initial microstructure/
composition-distribution that was subjected to a constant
temperature gradient from 800 K to 1000 K. The following
parameters were chosen: x=5 m, and ̄=1.0.
Before starting the simulation for thermomigration, it is
interesting to see the microstructural changes that could hap-
pen under a temperature gradient without the thermomigra-
tion term being considered in the flux equations. For this
purpose, a simulation was performed by applying the afore-
mentioned temperature gradient to a two-phase alloy, while
turning the thermomigration term off, i.e., QA
 =QB
 =0. The
resulting microstructure is presented in Fig. 3b. While there
is no redistribution of phases across the system, there is a
difference in the compositions of phases at the hot and cold
sides, evidenced by contrasts between phases. This slight
changes in composition is due to the variation in equilibrium
composition dictated by the thermodynamic description of
the system.
Finally, the thermomigration term was “turned-on,” and
four different combinations of heat of transport values were
examined to study their effect on the final microstructure. In





0. In case I: QA
 =QB
 and
MQ0, in case II: QB
 QA








chemical mobility, Mc was positive for all the above cases.
Microstructures obtained for these four different conditions
are presented in Figs. 4–7, respectively. A considerable re-
distribution of the second phase occurs along with the for-
FIG. 1. Composition profiles developed in an initially homogeneous c0
=0.1 single-phase alloy after being subjected to a temperature gradient for
6 h. Temperature ranged from Tmax=1273 K on the left end and Tmin
=773 K on the right end of the system.
FIG. 2. Representative profiles of composition and flux in an initially ho-
mogeneous c0=0.5 single-phase alloy approaching steady state after being
subjected to annealing in a temperature gradient. Temperature ranged from
Tmax=1273 K on the left end and Tmin=773 K on the right end of the
system. “Mass flux” and “thermal flux” are the contributions of chemical
potential gradient and temperature gradient, respectively, to the total flux.
The “flux difference” is the difference between these two contributions i.e.,
net flux.
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mation of A- and B-rich single-phase layers at the hot and
cold ends i.e., demixing for cases I, II, and III. However, in
case IV, no such demixing was observed. It is noteworthy
that the movement of elements is in opposite direction in
case I and III. As we will discuss later, the above results
suggest that even though the sign of the heat of transport
term, Qi
 is positive, the direction of motion of elements and
the final distribution of phases are dependent on the sign and
magnitude of MQ.
IV. DISCUSSION
We have demonstrated that a phase field model can
simulate the redistribution of constituent elements and
phases when a binary alloy is subjected to a temperature
gradient. The magnitude and direction of this redistribution,
i.e., whether toward the hot end or the cold end of the speci-
men, is dependent on various factors and cannot be predicted
simply by the phase diagram and Fickian diffusion. As a
result, the flux equation has been modified to include the
FIG. 3. a A representative micrograph of the initial microstructure used for thermomigration studies. The bright and dark phases are the B- and A-rich phases,
respectively. b Microstructure of a two-phase alloy annealed for 370 h in a temperature gradient, while the thermotransport effect was intentionally ignored
during the simulation.
FIG. 4. Micrograph of the two-phase alloy obtained after an anneal for 370
h in a temperature gradient for case I where QA
 =QB
 and MQ0. B atoms
move toward the hot end forming a B-rich single-phase, while an A-rich
phase forms at the cold end.
FIG. 5. Micrograph of the two-phase alloy obtained after an anneal for 370
h in a temperature gradient for case II where QB
 QA
 and MQ0. B atoms
move toward the hot end forming a B-rich single-phase, while an A-rich
phase forms at the cold end.
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thermomigration effect. As described earlier, in case of a
substitutional alloy where elements could have comparable
mobilities, it is necessary that the heat of transport as well as
mobilities of both the elements be considered in order to
describe the flux of an element. The combination of these
mobilities and heat of transport values determine the magni-
tude and sign of mobility of thermotransport MQ, which ul-
timately decides the direction of flow of an element.




0, the contribution of the temperature gradient
driven term to the flux of B in Eq. 17 is in the same direc-
tion as the term involving the concentration gradient. This
causes the B atoms to flow toward the hot end. In case II,
QB
 QA
 and MQ0, where MQ is very large. This pro-
duces a similar redistribution of the second phase, as that of
case I, but the effect is much stronger. This is evident from
the distinct flow pattern of B atoms toward the hot end
throughout the system in Fig. 4b.
Unlike cases I and II, MQ is positive in cases III and IV.
This suggests that the contribution of temperature gradient to
the flux of B atoms is opposite to the contribution by con-
centration gradient. This means that B atoms will flow to-
ward the cold end, opposite to the direction predicted by the
phase diagram of the alloy system. This is evident from the
B-rich single-phase formed at the cold end of the specimen
for case III where MQ is large as shown in Fig. 6. However,
this redistribution is not appreciable for case IV since MQ is
small and the contribution of temperature gradient to the
total flux is negligible.
From Eq. 20 it can be deduced that for a binary solu-
tion with an immobile solvent, MQ is roughly equal to the
product of atomic mobility and heat of transport of the sol-
ute, i.e., BQB
 . In this case, the flow direction of the solute
can be predicted with a considerable degree of certainty from
the knowledge of QB
 only. The situation becomes more com-
plex with the presence of a mobile solvent and the heat of
transport of both solvent and solute contribute to the value of
MQ. An important consequence of the aforementioned,
which is also exemplified by our results is that for a particu-
lar solvent, while different solutes can have heat of transport
terms QB
 of same sign, MQ may or may not have the same
sign as that of QB
 for all the solutes. Under such circum-
stances the prediction of the flow direction of solute atoms
could be anomalous, and has been so experienced in many
systems, e.g., Co, Au, Ge, and Ag as solutes in Cu.5 This
work demonstrates that the results of the present model are
consistent with the experimental results on thermotransport
in substitutional alloys. Being capable of taking into account
the magnitude as well as the sign of individual mobility and
heat of transport terms, this model can be of great help in
predicting the flow behavior of solutes in a solvent under
applied thermal gradient, when coupled with careful experi-
mental studies.
Previous analytical and numerical models17–21 used to
predict the thermotransport behavior in single- and two-
phase alloys derive heavily from the model first proposed by
Shewmon2 for binary alloys. Jaffe and Shewmon5 repre-















where Hvi is the molar enthalpy change in the lattice for
forming a vacancy surrounded by the solute or solvent at-
oms. At steady state V1 and V2 may not be equal to zero, but
FIG. 6. Micrograph of the two-phase alloy obtained after an anneal for 370




move toward the hot end forming a B-rich single-phase, while an A-rich
phase forms at the cold end.
FIG. 7. Micrograph of the two-phase alloy obtained after being subjected to




and MQ is small. The effect of thermomigration is less evident.
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V1 is equal to V2. However, apart from the assumption that
local equilibrium concentration of vacancies is maintained at
each point, drift-velocity model requires two other important
assumptions, i.e., only the solute migrates in the alloy and
local thermodynamic equilibrium between the solute in solu-
tion and in the second-phase particles is obtained in those
regions where the solubility limit is exceeded. The present
phase field model based on a continuum approach requires
only the assumption of equilibrium vacancy concentration to
be maintained locally, and does not demand the other two
aforementioned assumptions to be made beforehand. This is
due to the fact that the present model is derived using the
actual thermodynamic description of the system. Further-
more, all the previous models are based on a 1D approach to
solve the steady state problem, whereas a phase field model
can describe the thermotransport behavior in any number of
dimensions.
Using this model, the effect of temperature gradient on
the composition and microstructure of any alloy can be pre-
dicted, provided the thermodynamics and diffusion kinetics
that includes heat of transport terms are available. Thermo-
dynamics and diffusion kinetics data for some alloy systems
where thermotransport is important, such as U-alloys for
nuclear fuel applications, Ni-alloys for gas turbine applica-
tions and Pb–Sn alloys for interconnects applications are
available in literature. The thermodynamic description for
these systems can be obtained from a Calphad database,32–35
whereas the mobility data for Ni–Al and Pb–Sn can be ob-
tained from literature.29,30 On the other hand, experimental
data for heat of transport terms in these alloys are somewhat
scarce.14,36,37 Simulations using various combinations of
these unknown parameters are currently being carried out
along with experimental determination of heat of transport
terms.
V. CONCLUSIONS
It is well known that a temperature gradient can cause
appreciable redistribution of elements and phases present in
an alloy. A diffuse interface model was successfully devised
to simulate and predict this redistribution phenomenon under
applied temperature gradient. The results show that both
atomic mobilities and heat of transport values of individual
elements play a role in determining the magnitude and direc-
tion of flux that yields the development of concentration gra-
dient. In certain cases the combination of these parameters
can cause an element to flow opposite to the direction as
determined by the phase diagram and Fick’s first law. This
model can be used to simulate real alloy systems by incor-
porating actual thermodynamic data and materials param-
eters for the system.
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